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§1. Hodge-Arakelov

h ∈ R≥0

N ≥ 2

N · h = h

(N − 1) · h = 0, h = 0

C ∈ R

N · h ≤ h+ C

(N − 1) · h ≤ C, h ≤ 1
N−1 · C

h

————————————————————————————————

p C Tate

E
def
= Gm/qZ l l

0 −→ μl −→ E[l] −→ Z/lZ −→ 0

μl ⊆ E[l] ±1 ∈ Z/lZ

E = / F , l ≥ 5 E F

E[l] bad multiplicative reduction
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E
E → E∗ bad

q-parameter

qlE = qE∗

q-parameter ∈ R log(qE), log(qE∗)

l · log(qE) = log(qE∗) ∈ R

htE , htE∗ ∈ R

ht(−) ≈ 1
6 · log(q(−))

≈ Faltings
(1983)

htE∗ � htE + log(l)

l · htE � htE + log(l), htE � 1
l−1 · log(l) � constant

E htE
E

————————————————————————————————

Hodge-Arakelov



4

Hodge-Arakelov

Γ(E†,L)<l ∼→
l�⊕

j=−l�

qj
2 · OF

E† → E E

< l l�
def
= (l − 1)/2

L 2

q bad q-parameter q
def
= q1/2l

Hodge filtration F−i F−i/F−i+1

∼→ ω
⊗(−i)
E i = 0, 1, . . . , l − 1; ωE

F F

[−]

1
l · LHS ≈ − 1

l ·
∑l−1

i=0 i · [ωE ] ≈ − l
2 · [ωE ]

1
l · RHS ≈ − 1

l2 ·∑l�

j=1 j2 · [log(q)] ≈ − l
24 · [log(q)] = − l

2 · [ωE ]

F i

j
Kodaira-Spencer

(OF ≈) F 0 ↪→ qj
2 · OF

degarith(F
0) ≈ 0

Ωlog
M |E htE

def
= 2 · degarith(ωE) = degarith(Ω

log
M |E)
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1
6 · degarith(log(q)) = htE < constant

{
qj

2
}
j=1,... ,l�

�→ q

F

1
6 · degarith(log(q)) = htE < constant

{qj2} q

HA

{
qj

2
}
j=1,... ,l�

�→ q



6

2 4

IUTeich

j

≤ j · log-diffF

j )

1
6 · degarith(log(q)) = htE ≤ (1 + ε)log-diffF + constant

Szpiro ⇐⇒ ABC

N · h = h h

⇐⇒ N · hLHS = hRHS

N · h ≤ h + C
Szpiro
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§2. Teichmüller

C Teichmüller :

z = x + iy
1 < K < ∞ Teichmüller

z �→ ζ = ξ + iη = Kx+ iy

: 1 2
1
1

p Teichmüller :

p

ordinary locus
Frobenius

←→ C Poincaré Weil-Petersson
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IUTeich pTeich /P1 \{0, 1,∞} :

Z ←→ Fp

←→
←→

←→ p Frob.

:

Z 1

(Z,+) � (Z,×)

1 1

1 2

...

F/Q < ∞
p k/Qp < ∞

2

Gal(Qp/Qp) pro-l ≈ Zl �Z×
l

C× 2

. . . . . . . 

pp
pp

pp

p
p

p
p

p
p

p
p

p
p

p
p

p
p

p
p
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:

p k/Qp < ∞ 2

O×
k ⊆ k× � k×/O×

k (∼= Z)

1 1

... C× = S1 × R>0

IUTeich

§3.
Hodge theater • 2 :

2 p 2

...
...�⏐⏐ �⏐⏐

. . . −→ • −→ • −→ . . .�⏐⏐ �⏐⏐

. . . −→ • −→ • −→ . . .�⏐⏐ �⏐⏐
...

...

IUTeich pTeich Witt :

• = Z ←→ Fp�⏐⏐ = log-link = ←→ Frobenius

−→ = Θ-link = ←→
(
pn/pn+1 � pn+1/pn+2

)
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[Θ±ellNF-]Hodge theater:

[Θ±ellNF-]Hodge theater F E

E/F

§1
l

� F�

l -, F
�±
l -

F�

l
def
= F×

l /{±1}, F�±
l

def
= Fl � {±1}

{±1}
�

(−l� < . . . < −1 < 0

< 1 < . . . < l�

)
⇒

[
1 < . . .

< l�

]
⇐

(
1 < . . .

< l�

)

⇓ ⇓

± → ±
↑ F

�±
l
� ↓

± ← ±

� → �

↑ F
�

l
� ↓

� ← �

. . . cf. ord. monodromy! . . . cf. s/sing.!

p p-Hecke special
fiber Qp

(p-adic Tate module)⊗ (p-adic ring of fns.)

� ‘⊗’

←→ Hodge theater
‘ring of fns.’ !
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log-Link:

F nonarch. v log-link

logv : O×
k

→ k

k k
def
= Fv Gv

def
= Gal(k/k)

: log-link Πv

Πv
∼→ Πv

Πv � Gv v
F arch.

v

Θ-Link:

F bad nonarch. v Θ-link

O×
k

∼→ O×
k
; (Θ|l-tors)N =

{
qj

2
}N

j=1,... ,l�
�→ qN

k k
def
= Fv Gv

def
= Gal(k/k)

: Θ-link Gv

Gv
∼→ Gv

O×
k

F

good nonarch./arch. v Θ-link

: Hodge theater

log-, Θ-link
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:

étale-picture

Frobenius ,

= étale

Kummer IUTeich

Frobenius � étale

∫ ∞

−∞
e−x2

dx =
√
π

(
= 1

2 �∈ Q · πZ � ζ(n ∈ 2 · Z)
)

�

arith. hol.
str. Πv

. . .
|

. . .

arith.
hol.
str.
Πv

. . .

–
mono-
analytic
core Gv

|

–

arith.
hol.
str.
Πv

. . .

arith. hol.
str. Πv
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Kummer Θ-link

(a) O×
k

� Ẑ× nonarch. v

(b) Θ|l-tors =
{
qj

2
}
j=1,... ,l�

bad nonarch. v

(c) F (⊇ F×)

(b), (c) ∼= Ẑ(1)

� Ẑ×

(b) =⇒
(c) =⇒

Hodge theater (b), (c)
Kummer

H

IUTeich
H Θ±ellNF-Hodge th.

z �→ z + a, F�±
l -

z �→ −z + a (a ∈ R)

Θ|l-tors
q

def
= e2πiz =

{
qj

2
}
j=1,... ,l�

z �→ z·cos(t)−sin(t)
z·sin(t)+cos(t) , F�

l -

z �→ z·cos(t)+sin(t)
z·sin(t)−cos(t) (t ∈ R)

w
def
= z−i

z+i F
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IUTeich

θ(t) =
∞∑

n=−∞
e−πn2t

θ(t) = t−1/2 · θ(1/t)

IUTeich

O×
k

� Ẑ× ∫
(−) · eit, t ∈ R

[−,−]

{
qj

2
}
j=1,... ,l�

log-link �, �
(

0 1
−1 0

) ⇐⇒ t �→ 1
t

∞ � 0

p

Belyi
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θ(t) =
∞∑

n=−∞
e−πn2t

θ(t) = t−1/2 · θ(1/t)
∞

∞ � 0

0
§1 {

qj
2
}
j=1,... ,l�

∞

０

Gaussian

Gaussian

θ
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§4.
log-link Θ-link

logv : O×
k

→ k, (Θ|l-tors)N =
{
qj

2
}N

j=1,... ,l�
�→ qN

⊆ Autfield(k)

log-, Θ-link

“Πv” “Gv”

=⇒

Semi-graphs of Anabelioids The Geometry of Frobenioids I, II

The Étale Theta Function ... Topics in Absolute Anab. Geo. III

Θ-link
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:

Gv � O×
k

coricity

Kummer
§3

Frobenius ,

= étale

log-, Θ-link ←→
←→

(∼= Ẑ(1)) ←→ S1 �

log-shell log(−)

log(O×
k
) �

{
qj

2
}
j=1,... ,l�

log-link

=⇒

§1
Faltings Mordell

p

: Szpiro ⇐⇒ ABC

htE ≤ (1 + ε)log-diffF + constant

N · hLHS = hRHS Θ-link N · h ≤ h+ C
§1
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§3

IUTeich

log-shell log(−)
∞∫

−∞
e−x2

dx =
√
π

ε

(htE)
− 1

2 · log(htE)
1
2

1/2

ζ(s) s Tate
π π∫ ∞

−∞
e−x2

dx =
√
π

ε

(htE)
− 1

2
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p C

pTeich

“Hasse invariant =
1

p
· d(Frob. lift.)”

= (2g − 2)(1− p) ≤ 0

S Gauss-Bonnet

0 > −
∫
S

(Poincaré metric) = 4π(1− g)

————————————————————————————————
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‘ ’

� GT


